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UNLIKELY INTERSECTIONS OVER FINITE FIELDS:
POLYNOMIAL ORBITS IN SMALL SUBGROUPS
LA´SZLO´ ME´RAI AND IGOR E. SHPARLINSKI
Abstract. We estimate the frequency of polynomial iterations
which fall in a given multiplicative subgroup of a finite field of p
elements. We also give a lower bound on the size of the subgroup
which is multiplicatively generated by the first N elements in an
orbit. We derive these from more general results about sequences
of compositions on a fixed set of polynomials.
1. Introduction
1.1. Background and motivation. Recently, several of so called un-
likely intersection type results, see [28] for a general background, have
been obtained on the scarcity of elements in orbits of polynomial maps
in fields of characteristic zero that fall in a set of prescribed additive,
multiplicative or algebraic structure. Examples of such sets include
‚ algebraic varieties [1, 18, 24, 26, 27] where the problem is also
known as the dynamical Mordell-Lang conjecture;
‚ an orbit generated by another polynomial or rational func-
tion [9, 10];
‚ the set of all roots of unity in C, see [8, 15] and more gener-
ally, of algebraic numbers with all conjugates bounded by some
constant, see [6, 20];
‚ the set of all perfect powers in a number field, see [3, 17];
‚ a finitely generated group in a number field, see [2, 11, 19].
As we have mentioned, the above results are all established for fields
of characteristic zero. There are also some analogues, or sometimes
even stronger results for function fields of positive characteristic, where
some additional tools are available, such as a very strong (and rigor-
ously established) form of the abc-conjecture (see [12]).
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On the other hand, there are very few results in this direction in the
settings of finite fields. In fact, the problem itself has to be reformu-
lated and instead of asking for finiteness results (which is immediate
in this case) one can ask about upper bounds on the size of these in-
tersections compared to the orbit length. For example, multiplicative
character sums along elements of very long orbits have been estimated
in [13] (using the ideas of [14] one can apparently improve the result
of [13] and make it nontrivial for slightly shorter orbits). In turn, this
immediately allows to study intersections of orbits with multiplicative
subgroups of finite fields. Some of the results of [22, 23] apply to very
short segments of an orbit, however they are not uniform with respect
to the polynomials f defining the dynamical system, that is, the bounds
depend on the size of the coefficients of f , which is not quite natural
in the settings of finite fields. It is interesting to note that relatively
more is known about additive properties of orbits in finite fields, where
a range of new techniques becomes available, see [4, 5, 7, 16, 21].
The main goal of this work is to bridge this gap and present some re-
sults which are both nontrivial to short segments of orbits and uniform
with respect to the polynomial f .
Additionally we consider a more general case, when instead of one
polynomial, finitely many polynomials are composed with each other.
In other words, we consider orbits of a semigroup generated by a finite
set of polynomials over a finite field.
Our technique is based on a very recent result of Vyugin [25] which
is based on a rather delicate blend of techniques and ideas coming from
additive combinatorics and the so-called Stepanov method , which is of
an algebraic nature.
1.2. Set-up. Here, motivated by the results outline in Section 1.1, we
consider analogous problems in positive characteristic and in particular
investigate the frequency of values in an orbit of a polynomial over a
finite field which fall in a multiplicative subgroup of a given order.
Let Fq be the finite field of q elements. Given a polynomial f P FqrXs,
we consider the trajectories generated by iterations of f starting from
some u P Fq, that is, sequences of the form
(1.1) u0 “ u and un`1 “ fpunq, n “ 1, 2, . . .
Clearly, each trajectory is eventually periodic. That is, there are
some integers 0 ď s ă t ď q such that us “ ut and thus us`n “ ut`n,
n “ 0, 1, . . . In particular, the smallest Tu “ t satisfying the above
condition is called the trajectory length.
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For u P Fq let Pu be the period length of the sequence (1.1) with
starting point u, that is, the minimal k ą 0 such that un “ un`k for
n “ 0, 1, . . . with the convention, that Pu “ 8 if the sequence (1.1) is
not periodic (just eventually periodic).
Here we consider the size GpNq of the smallest subgroup G Ď F˚q
which contains the first N non-zero elements of the sequence punq, that
is,
un P G Y t0u, n “ 1, . . . , N.
Some bounds on GpNq and also on the frequency of the event un P G
for a given subgroup G Ď F˚q , and related questions, are given in [22,23].
However, the results of [22] apply to either very long segments of an
orbit or (as well as in [23] are not uniform with respect to f (that is,
depend of the size of the coefficients of f). Here we use a different ap-
proach, utilizing a recent result of Vyugin [25] and obtain stronger and
fully uniform results. In fact, we study analogous problems in a much
more general situation of semigroups generated by several polynomials
under composition.
Let f1, . . . , fk P FqrXs be polynomials of positive degree. Consider
the functional graph HpFqq with vertices Fq and directed edges px, yq
with fipxq “ y, 1 ď i ď k.
For a point u P Fq we consider the vertices in this graph which are
close to u:
VupNq “ tfi1 ˝ . . . ˝ finpuq : i1, . . . , in P t1, . . . , ku, 0 ď n ď Nu
and study whether these points are contained in small subgroups. Put
VupNq “ #VupNq
and define GkpNq as the size of the smallest subgroup G Ď F
˚
q which
contains all non-zero elements of VupNq:
VupNq Ď G Y t0u.
1.3. Results. In order to state the results, for a graphHpFqq we denote
by HpFqq the undirected graph (that is, px, yq is an edge in HpFqq if
px, yq or py, xq is an edge in HpFqq) and we also denote by C0 the length
of a shortest cycle in the graphHpFqq (defined over the algebraic closure
Fq of Fq) which contains 0. Clearly, for the case of one polynomial
(k “ 1), we have C0 “ P0.
We remark that the size (or finiteness) of C0 seems to reappear
in many works on unlikely intersections of orbits (in finite or infinite
fields), see [13, 17], however there seems to be no intrinsic reason for
this. It is highly desirable to gain better understanding of the phenom-
enon.
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Since these underlying results of [25] apply only in prime fields, we
limit our considerations to prime finite fields Fp where p is a large
prime. All explicit and implicit constants are independent of p.
We now show that GkpNq grows at least quadratically compared to
VupNq as long as the field size p is large enough to accommodate this
growth, improving the trivial linear bound
GkpNq ě VupNq.
Theorem 1.1. Let ε ą 0, k ě 1 and d ě 2 be fixed. Then there
exist constants c1 and c2 depending only on d, k and ε, such that if
f1, . . . , fk P FprXs are polynomials of degree at most d and C0 ě c1,
then
GkpNq ě c2mintVupNq
2´ε, p1´εu for N ě 1.
As a special case, we have the following result for the dynamical
system (1.1) defined by just one polynomial.
Corollary 1.2. For any ε ą 0 and d ě 2 there exist constants c1 and
c2 depending only on d and ε such that if f P FprXs is of degree at most
d, P0 ě c1 and N ă Tu, where Tu is the trajectory length of punq, then
GpNq ě c2min
 
N2´ε, p1´ε
(
.
We now show that for subgroups G of size smaller than GkpNq the
frequency of elements of the orbit VupNq which fall in G is small. More
precisely, for a subgroup G Ď F˚p we denote
TkpN,Gq “ #pVupNq X Gq
and next give an upper bound of the frequency
ρkpNq “
TkpN,Gq
VupNq
.
Theorem 1.3. For any ε ą 0, d ě 2 and k ě 1 there exist posi-
tive constants c1 and c2, depending only on k, d and ε, such that if
f1, . . . , fk P FprXs are of degree at most d, G is a subgroup of F
˚
p with
VupNq
ε ă #G ă mintVupNq
2´ε, p1´εu,
then for 2 ď VupNq ă d
c1C0 we have
ρkpNq ă c2
1
log VupNq
.
As a special case, we have the following result for the dynamical
system (1.1) defined by just one polynomial.
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Corollary 1.4. For any ε ą 0 and d ě 2 there exist positive constants
c1 and c2, depending only on d and ε, such that if f P FprXs is of degree
d, G is a subgroup of F˚p with
N ε ă #G ă mintN2´ε, p1´εu,
then for 2 ď N ă mintdc1P0 , Tuu we have
ρpNq ă c2
1
logN
.
2. Auxiliary results
2.1. Notation. We use the Landau symbol O and the Vinogradov
symbol !. Recall that the assertions U “ OpV q and U ! V are both
equivalent to the inequality |U | ď cV with some constant c ą 0, which
throughout this paper, may depend on k and ε, but is independent of
the prime p and polynomials f1, . . . , fk P FqrXs.
For a finite set S Ď Z, it is convenient to define S8 as the set of all
finite words in the alphabet S.
2.2. Dense sets in graphs. Here we present a graph theory result
which can be of independent interest.
Let H be a directed graph, with possible multiple edges. Let VpHq
be the set of vertices of H. For u, v P VpHq, let dpu, vq be the distance
from u to v, that is, the length of a shortest (directed) path from u to
v. Assume, that all the vertices have the out-degree k ě 1, and the
edges from all vertices are labeled by t1, . . . , ku.
For a word ω P t1, . . . , ku8 over the alphabet t1, . . . , ku and u P
VpHq, let ωpuq P VpHq be the end point of the walk started from u and
following the edges according to ω.
Let us fix u P VpHq and a subset of vertices A Ď VpHq. Then for
words ω1, . . . , ωℓ put
LN pu,A;ω1, . . . , ωℓq “ #tv P VpHq : dpu, vq ď N,
dpu, ωipvqq ď N, ωipvq P A, i “ 1, . . . , ℓu.
We need the following combinatorial statement which we believe can
find further applications in the study of semigroups generated by sev-
eral polynomials or other functions.
To state the results, for k, h ě 1 let Bpk, hq denote the size of the
complete k-tree of depth h´ 1, that is
(2.1) Bpk, hq “
"
h if k “ 1,
kh´1
k´1
otherwise.
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Lemma 2.1. Let u P VpHq, and h, ℓ ě 1 be fixed. If A Ď VpHq is a
subset of vertices with
#tv P A : dpu, vq ď Nu
ě max
"
3Bpk, hq,
3ℓ
h
# tv P VpHq : dpu, vq ď Nu
*
,
then there exist words ω1, . . . , ωℓ P t1, . . . , ku
8 of length at most h such
that
LN pu,A;ω1, . . . , ωℓq "
h
Bpk, hqℓ`1
#tv P A : dpu, vq ď Nu,
where the implied constant depends only on ℓ.
Proof. Put
β “ Bpk, hq and ν “ #tv P VpHq : dpu, vq ď Nu.
Let P be the number of pairs pz, vq P VpHq ˆA such that
dpu, zq ď N ´ h dpz, vq ď h.
If v P A and h ď dpu, vq ď N , then there is a path from u to v of
length at least h, thus there are at least h vertices z P VpHq such that
dpu, zq ď N ´h and dpz, vq ď h. As there are at most β vertices v with
dpu, vq ă h, we have
(2.2) P ě hp#tv P A : dpu, vq ď Nu ´ βq
On the other hand, let J be the number of z P VpHq such that dpu, zq ď
N ´ h and
#tv P A : dpz, vq ď hu ě ℓ.
Then
(2.3) P ď βJ ` pℓ´ 1qpν ´ Jq.
Comparing (2.2) and (2.3), we derive
J "
h#tv P A : dpu, vq ď Nu ´ pℓ´ 1qν ´ hβ
β ´ ℓ` 1
"
h
β
#tv P A : dpu, vq ď Nu.
There are at most ˆ
β
ℓ
˙
ď βℓ
ORBITS IN SMALL SUBGROUPS 7
choices for ω1, . . . , ωℓ, so we see that there is at least one choice, that
LNpu,A;ω1, . . . , ωkq "
h
β
`
β
ℓ
˘#tv P A : dpu, vq ď Nu
"
h
βℓ`1
#tv P A : dpu, vq ď Nu
which concludes the proof. 
2.3. Polynomial values of subgroups. We call the set of polyno-
mials g1, . . . , gk P FprXs admissible if there exist x1, . . . , xk P Fp such
that
gipxiq “ 0 but gjpxiq ‰ 0 for 0 ď i, j ď k, i ‰ j.
Lemma 2.2. For polynomials g1, . . . , gℓ P FprXs, if h ă C0{2, then the
polynomials
gi1 ˝ . . . ˝ gir , r ď h, i1, . . . , ir P t1, . . . , ℓu
are admissible.
Proof. For a given F of form F “ gi1 ˝ . . . ˝ gir , r ď h, i1, . . . , ir P
t1, . . . , ℓu, let x P Fp be a zero of F . If it is also a zero of G of form
G “ gj1 ˝ . . . ˝ gjs, s ď h, j1, . . . , jr P t1, . . . , ℓu, G ‰ F , then there are
two different paths from x to 0 in the functional graph HpFpq along
the edges ir, . . . , i1 and js, . . . , j1. As r, s ď h these two paths define a
cycle of size at most r ` s ď 2s ă C0, a contradiction. 
Our main tool is the following result of Vyugin [25].
Lemma 2.3. Let G be a subgroup of F˚p and let G1, . . . ,Gk be k ě 2
cosets of G. If g1, . . . , gk P FprXs form an admissible set of polynomials
of degrees m1 ď . . . ď mk and
C1pm, kq ă #G ă C2pm, kqp
1´ 1
2k`1 ,
then
#tx : gipxq P Gi, i “ 1, . . . , ku ď C3pm, kq#G
1
2
` 1
2k ,
where for m “ pm1, . . . , mkq we define
C1pm, kq “ 2
2km4kk , C2pm, kq “ pk ` 1q
´ 2k
2k`1 pm1 ¨ ¨ ¨mkq
´ 2
2k`1 ,
and
C3pm, kq “ 4pk ` 1qpm1 ` . . .`mkqpm1 ¨ ¨ ¨mkq
1
k .
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3. Proof of main results
3.1. Proof of Theorem 1.1. Let h ě 1 be the smallest integer such
that
1
2Bpk, hq
ă ε
where Bpk, hq is defined by (2.1). For an appropriate choice of the
constant c1, we can assume, that h ă C0{2.
We also set
β “ Bpk, hq.
Let G be the group generated by VupNq. Then
fi1 ˝ . . . ˝ firpxq P G,
for
x P VupN ´ hq, i1, . . . , ir P t1, . . . , ku, 1 ď r ď h.
Moreover, the polynomials
fi1 ˝ . . . ˝ fir , i1, . . . , ir P t1, . . . , ku, 1 ď r ď h,
are admissible by Lemma 2.2.
For an appropriate choice of the constant c1 we have
#G ą 22βd4hβ.
We can also assume, that
#G ă
`
pβ ` 1q´1d´1p
˘
2β{p2β`1q
.
as otherwise there is nothing to prove. Then by Lemma 2.3
VupN ´ hq ! #G
pβ`1q{p2β`1q.
Finally, we remark that
VupNq ď βVupN ´ hq
which gives the desired result.
3.2. Proof of Theorem 1.3. We can assume throughout the proof,
that both p and N are large enough.
Define
ℓ “
R
4
ε
´ 1
V
and h “
Z
1
2ℓ
log#G
pℓ` 1q log k ` 2 log d
^
,
Put
δ0 “
1` log k
2ℓppℓ` 1q log k ` 2 log dq
.
Clearly, 0 ă δ0 ă 1{2. By the above choice of parameters, we have
Bpk, hq ď VupNq
p2´εqδ0 .
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Assume, that
(3.1) ρkpNq ě
6ℓp1` log kq
εδ0 log VupNq
.
Then we have
TkpN,Gq ě max
"
3Bpk, hq,
3ℓ
h
VupNq
*
.
By Lemma 2.1, there are ω1, . . . , ωℓ P t1, . . . , ku
8 of form ωi “
pωi,1, . . . , ωi,riq, ri ď h, 1 ď i ď ℓ such that
(3.2) #tv P VupN ´ hq : fωi,1 ˝ . . . ˝ fωi,ri pvq P G, i “ 1, . . . , ℓu
"
hVupNq
Bpk, hqℓ`1
ρkpNq.
Consider the polynomials Fi “ fωi,1 ˝ . . . ˝ fωi,ri of degree mi “
degFi ď d
h, i “ 1, . . . , ℓ.
If G is large enough in terms of ℓ, then
C1pm, ℓq ď 2
2ℓd4ℓh ď #G.
Moreover, if ℓ is large enough, then
C2pm, ℓqp
2ℓ
2ℓ`1 ě pℓ` 1q´
2ℓ
2ℓ`1d´
2ℓ
2ℓ`1
hp
2ℓ
2ℓ`1
ě pℓ` 1q´
2ℓ
2ℓ`1d´
2ℓ
2ℓ`1
h#G
1
1´ε
2ℓ
2ℓ`1 ě #G.
By the choice of h,
h ď
1
2ℓ
p2´ εq log VupNq
pℓ` 1q log k ` 2 log d
ă
1
2
C0,
by an appropriate choice of c1. Then the polynomials F1, . . . , Fℓ are
admissible by Lemma 2.2. Then by Lemma 2.3 we have
#tv P VupN ´ hq : Fipvq P G, i “ 1, . . . , ℓu
ď #tx P Fp : Fipxq P G, i “ 1, . . . , ℓu ! d
2h#G
1
2
` 1
2ℓ .
(3.3)
Comparing (3.2) and (3.3), we have
ρkpNq !
Bpk, hqℓ`1d2h#G
1
2
` 1
2ℓ
hVupNq
!
hℓ#G
1
2
` 1
ℓ
VupNq
!
ˆ
p2´ εq logVupNq
4ℓ log d
˙ℓ
VupNq
p2´εqp 1
2
` 1
ℓ
q´1.
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Using ℓ ă 4ε´1´2 we see then the exponent of VupNq is negative, that
is
p2´ εq
ˆ
1
2
`
1
ℓ
˙
´ 1 “
2
ℓ
´
ε
2
´
ε
ℓ
“ ´
ε
2ℓ
`
ℓ` 2´ 4ε´1
˘
ă 0,
which contradicts (3.1), provided that VupNq is large enough.
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